
JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER

Vol. 20, No. 4, October–December 2006

Technical Notes
TECHNICAL NOTES are short manuscripts describing new developments or important results of a preliminary nature. These Notes should not exceed 2500
words (where a figure or table counts as 200 words). Following informal review by the Editors, they may be published within a few months of the date of receipt.
Style requirements are the same as for regular contributions (see inside back cover).

Influence of Electronic Excitation
on the Thermodynamic Properties

of Hydrogen Plasmas

F. De Palma,∗ A. R. Casavola,† and M. Capitelli‡
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Nomenclature
a0 = Bohr radius
cint = internal contribution to cp f

cp = specific heat at constant pressure
cp f = frozen specific heat
cpr = reactive specific heat
cp nl = specific heat neglecting the electronic degree of freedom
cVint = internal contribution to cV of a single species
cv = specific heat at constant volume
D = dissociation energy
E = internal energy
E I = ionization energy
f = internal partition function
gi = degeneracy of the i th level
H = total enthalpy
Hi = enthalpy of the i th species
Hint = internal enthalpy
h = Planck constant
K p = equilibrium constant
k = Boltzmann constant
mi = mass of the i th species
N = particle density
ni = number density of the i th species
n′

i = number density per unit of mass of the i th species
Pi = pressure of the i th species
Ptot = total pressure
T = temperature
�I = lowering of ionization potential
εi = energy of the i th level
ρ = mass density

I. Introduction

T HE influence of electronic excitation on the thermodynamic
properties of local thermodynamic equilibrium (LTE) plasmas

is widely studied and largely underestimated.1−3 This situation is
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due to a sort of compensation between the different contributions to
a given thermodynamic property calculated inserting and neglecting
the electronically excited states in the relevant partition function. As
an example, the total specific heat of a LTE plasma can be thought
as the sum of two contributions, the frozen and reactive ones. Com-
parison of the total specific heat calculated with and without internal
excitation of the different species (atoms and ions) shows very small
differences (not exceeding a few percent) with the corresponding
quantities calculated inserting the internal excitation. In a series of
papers,1−3 it has been shown that the internal excitation strongly af-
fects the two contributions (frozen and reactive) of the total specific
heat, although in opposite directions. In particular, the insertion of
electronically excited states in the whole thermodynamic scheme
increases the frozen specific heat compared with the corresponding
quantity calculated by neglecting the electronically excited states,
the reverse being true for the reactive contribution. This largely ex-
plains the insensitivity of the total thermodynamic quantities to the
internal excitation of atomic species and the limited interest of the
scientific community to this subject. On the other hand, electron-
ically excited states are of paramount importance in determining
the emissivity properties of atomic plasmas, so that we still support
a refinement of the partition functions of these species.4 In addi-
tion, very recently one of the present authors has shown the role
of electronically excited states with their abnormous cross sections
in decreasing the transport properties of LTE plasmas as compared
with the same quantities calculated by treating each electronically
excited state with the same transport cross section of the ground
state.5,6

The aim of this work is to reexamine the role of excited states
in affecting the thermodynamic properties of LTE plasmas. Par-
ticular emphasis will be given to high-pressure–high-temperature
plasmas when the ionization degree decreases, thus allowing to the
excited states to increase their role in affecting the thermodynamic
properties of the plasma.7,8 High-pressure plasmas can be important
for high-power switches, as well as for high-power laser-generated
plasmas.

We will consider atomic H plasmas (H, H+, e) in the temperature
range 5000–50,000 K and in the pressure range 102–108 Pa. The
choice of hydrogen plasmas, apart from their strategic importance,
is due to the simplicity of the energy levels of atomic hydrogen, as
well as by the lack of structure in the proton component. The bulk
of the results have been obtained by a very simple cutoff criterion
of the electronic partition, that one which considers the size of the
highest bound level of atomic hydrogen equal to average distance
between the particles. Moreover, we will compare these results with
the corresponding ones obtained by using the Debye–Huckel theory
(see Refs. 7–10). In general the Debye–Huckel criterion should bet-
ter describe moderate pressure plasmas, whereas the density cutoff
criterion can be better used for high pressures.

II. Method of Calculation
The themodynamic properties of atomic hydrogen plasmas are

simply calculated by summing the contributions to the relevant
quantities of the different components. Let us consider a three-
component plasma (H, H+, e), denoting with ni the number density
per unity of volume and with n′

i the number density per unity of
mass, that is, n′

i = ni/ρ, where ρ is the mass density of the plasma,
of the different species. We can write for the total enthalpy H per
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unity of mass of the mixture as

H = n′
H HH + n′

H+ HH+ + n′
e He (1)

For the present case electrons and protons have only translational
enthalpy, whereas atomic hydrogen possesses also internal energy
E . Protons and atoms also have dissociation D and ionization E I
energy. We can write the following equations for the single species:

HH = 5
2 kT + E + D/2 (2)

He = 5
2 kT (3)

HH+ = 5
2 kT + D/2 + E I (4)

The total enthalpy is then written as

H = n′
H

(
5
2 kT + E + D/2

) + n′
H+

(
5
2 kT + D/2 + E I

)
+ n′

e

(
5
2 kT

)
(5)

The internal enthalpy in this simple case is given by

Hint = n′
H E (6)

where the internal energy per particle is given by

E

N
= kT 2

(
∂ln f

∂T

)
V

(7)

where f is the internal partition function given by

f =
∑

i

gi exp

(
− εi

kT

)
(8)

where the gi and εi for the atomic hydrogen take the closed form,
gi = 2i2 and εi = 13.56 × 1.6e − 19 × (1 − 1/ i2) J , where i repre-
sents the principal quantum number of atomic hydrogen.

When the derivative of the total enthalpy with respect to the tem-
perature at constant pressure is formed, we must also consider the
dependence of the number density on temperature. We can, there-
fore, define two “total” specific heats. The first one, the so-called
frozen specific heat, is obtained by deriving the total enthalpy with
respect to the temperature keeping constant the number densities of
the different species, whereas, in the second one, called chemical–
equilibrium specific heat, this constraint is eliminated. Therefore,
the frozen specific heat is obtained as

cp f =
(

∂ H

∂T

)
P,n′

i

= n′
H

(
5

2
k + cVint

)
+ n′

H+

(
5

2
k

)
+ n′

e

(
5

2
k

)
(9)

whereas the chemical–equilibrium specific heat is given by

cp =
(

∂ H

∂T

)
P

= cp f + cpr (10)

cpr =
(

∂n′
H

∂T

)
P

(
5

2
kT + E + D

2

)
+

(
∂n′

H+

∂T

)
P

(
5

2
kT + D

2
+ E I

)
+

(
∂n′

e

∂T

)
P

(
5

2
kT

)
(11)

A simplification occurs in this equation if we remember that, from
the conservation of the formation species and from electroneutrality,
we can write(

∂n′
H

∂T

)
P

= −
(

∂n′
H+

∂T

)
P

= −
(

∂n′
e

∂T

)
P

(12)

Then we can write

cpr =
(

∂n′
H+

∂T

)
P

(
5

2
kT + E I − E

)
(13)

Note that from Eqs. (9), (10), and (13) we recover the compensation
effects included in Refs. 1–3 in the total specific heat calculated
with or without electronic excitation terms. In fact, the electronic
term adds a positive contribution to the frozen specific heat [cVint

in Eq. (9)], having a negative effect on the reactive contribution
[E in Eq. (13)]. This compensation, however, disappears at high
pressures, as will be shown later. Let us now define the internal
contribution to cp f as

cint = n′
HcV int (14)

where cVint is given by

cVint =
(

∂ E

∂T

)
V

= R

[
2T

(
∂ln f

∂T

)
V

+ T 2

(
∂2 ln f

∂T 2

)
V

]
(15)

To proceed further, we calculate the equilibrium composition for
the reaction

H = H+ + e (16)

We have three unknowns, so that we must write three equations.
They are the equilibrium constant, the constraint on the total pressure
Ptot, and the electroneutrality of the plasma, that is,

K p = Pe PH+/PH (17)

Ptot = P = PH + PH+ + Pe (18)

PH+ = Pe (19)

By simple algebra we get

K p = P2
e

/
(P − 2Pe) (20)

and, therefore, once P and T are fixed, we get Pe and the other partial
pressures. Now we can transform partial pressure Pi in number
density ni ,

Pi = ni kT (21)

Introducing the number density in this equation we get

K p = n2
e(kT )

/
(n − 2ne) (22)

Moreover, we can calculate the plasma mass density as

ρ =
∑

i

ni mi

and then obtain the number density per unit of mass.
The equilibrium constant is given by the Saha equation

K p = Pe PH+

PH
= 2

(2πme)
3
2 (kT )

5
2

h3

fH+

fH
exp

(
− E I

kT

)
(23)

In the case of atomic hydrogen plasma, the only problem in
the calculation of K p is the divergence of the partition function
of atomic hydrogen due to the divergence of the statistical weight.
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Many procedures are adopted in the literature to overcome this prob-
lem. The simplest method is to insert in the partition function in all of
the levels where the Bohr radius is equal to the interparticle distance
(see Ref. 11). We can, therefore, write

a0n2
max = (

1
/

n
1
3
)

(24)

nmax =
√

1
/

a0n
1
3 (25)

where n is the particle density (per cubic centimeter) that for an
ideal gas is linked to the pressure P = nkT and nmax is the maximum
principal quantum number included in the partition function.

Therefore, the electronic partition function depends on the pres-
sure due to the different number of levels to be inserted in it because
of the pressure-dependent cutoff. At the same time K p depends on
both T and P .

III. Results
Before discussing the results, we want to show the effect of in-

troducing the electronic states in the partition function of atomic
hydrogen and its derivatives. We select the total specific heat of the
plasma, and we show in Fig. 1 the ratio of the total specific heat cal-
culated inserting and neglecting the electronic degree of freedom.
(The absolute values of total and frozen specific heats can be found
in Refs. 9 and 10). We plot this ratio as a function of the temper-
ature for selected pressures in the range 102–108 Pa. Inspection of
Fig. 1 shows that this ratio does not behave monotically, present-
ing maximum and minimum values in the examined temperature
range at fixed pressure. In any case, the differences strongly sin-
crease with increasing the pressure. The practical independence of
this ratio for P ≤ 105 Pa convinced the researchers of the possibility
of neglecting the electronic degree of freedom in every step of the
calculation of thermodynamic properties of the LTE plasmas.11 As
already pointed out,1−3 the insensitivity of the total specific heat to
the electronic degree of freedom was attributed in the past to com-
pensation effects between the frozen and reactive contributions to a
given total thermodynamic property. This compensation, however,
fails at high pressure when the ionization process is slowed down,
thus permitting the excited states to affect the thermodynamic prop-
erties of LTE plasmas.

Let us now examine the actual role of electronic excited states in
affecting the thermodynamic properties of plasmas. We start with
the electronic partition function as a function of temperature for
selected pressures. As expected, we observe a strong increase of
the electronic partition function with the temperature and a cor-
responding strong decrease with increasing the pressure. This last
effect is due to the used cutoff criterion for truncating the parti-
tion function, that is, the increase of pressure decreases the num-
ber of electronic levels to be inserted in the partition function.

Fig. 1 Ratio of total cp to cp nl calculated without considering elec-
tronic excitation as a function of temperature at different pressures.

a)

b)

Fig. 2 Values of cVint , NH, and cint as function of temperature at
a) 103 Pa and b) 108 Pa.

Note that the electronic partition function at 50,000 K approxi-
mately decreases by three orders of magnitude, passing from 102 to
108 Pa.

Let us now consider the internal specific heat of atomic hydrogen,
cVint , which is plotted as a function of temperature for two different
pressures in Figs. 2a and 2b. We observe the typical form of any
specific heat calculated with a finite number of levels, that is, the
specific heat of atomic hydrogen presents a maximum that then
tends to become zero. This trend is accelerated by the low pressure,
as can be appreciated by comparing the results shown in Figs. 2a
and 2b. In Figs. 2a and 2b, we also show the behavior of the atom
number density NH and of the contribution of the internal energy
to the specific heat calculated as the product of the number density
and of specific heat of atomic hydrogen, cint.

Inspection of Figs. 2a and 2b shows that the overlapping between
the number density of atomic hydrogen and the corresponding spe-
cific heat increases with the pressure so that one should expect a
major role of the internal specific heat in affecting the total prop-
erties with the increase of the pressure. This is indeed the case as
one can appreciate by examining the ratios cint/cp f and cint/cp as a
function of temperature for the selected pressures.

The first ratio, cint/cp f , represents the contribution of the internal
excitation of atomic hydrogen on the total frozen specific heat, that
is, the sum of the internal and translational contributions. Inspection
of Fig. 3a shows that this ratio presents a maximum temperature,
which strongly increases with the pressure. At 108 Pa, the ratio
reaches a value of 0.6, indicating that the contribution from elec-
tronic excitation is higher than the corresponding contribution from
translational energy.

Figure 3b, on the other hand, shows the ratio cint/cp as a function
of temperature for the selected pressures. The behavior is similar to
that reported for cint/cp f , even though the corresponding maxima
decrease due to the major role presented by the reactive contribution
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a)

b)

Fig. 3 Ratios as function of temperature at different pressures:
a) cint/ccf and b) cint/cp.

to the total specific heat. We note, however, that at 108 Pa the ratio
cint/cp reaches a maximum of 0.32, that is, the internal contribution
is a nonnegligible contribution to the total specific heat of an atomic
hydrogen plasma at high pressure. The small discontinuities in the
ratios reported in Figs. 3a and 3b are due to the adopted cutoff
criterion and will be discussed at the end of this section.

The contribution of the electronically excited states to other ther-
modynamic quantities are similar even though the influence de-
creases when the thermodynamic property depends directly on the
partition function and on this first logarithmic derivative. Note in
connection with this that the specific heat depends on the first and
second logarithmic derivatives.

Before ending this section, we compare the present results with
those obtained by a different cutoff criterion. In particular, we
present results calculated by inserting in the partition function and
its derivatives of atomic hydrogen all of the levels of energy that
are lower than the ionization potential E I corrected by the low-
ering of ionization potential �I . In turn, �I is self-consistently
calculated by the Debye–Huckel theory (see Refs. 9 and 10). Corre-
sponding results are shown in Figs. 4 and 5 for the quantity cint/cp f

and cint/cp . When these results are compared with the correspond-
ing ones in Figs. 3a and 3b we note deviations either in the qual-
itative behavior of both cint/cp f and cint/cp as a function of pres-
sure or in the absolute values of the relevant maxima. The maxima
of cint/cp f calculated according the Debye–Huckel theory range
in a narrow interval 0.18–0.27 vs the interval 0.1–0.6 observed
with the present cutoff criterion. On the other hand, the maxima
of cint/cp calculated according the Debye–Huckel theory range in
the interval 0.03–0.09 vs the interval 0.04–0.32. This means that
the Debye–Huckel criterion cuts off more effectively than the cri-
terion based on the total density. As an example, at P = 107 Pa
and T = 30,000 K the Debye–Huckel criterion cuts off at nmax = 4,
whereas the other method cuts off at nmax = 7. This also explains
the no-monotone behavior of both cint/cp f and cint/cp as a function

Fig. 4 Ratio of cint/cpf as function of temperature at different pres-
sures, with Debye–Huckel cutoff criterion.

Fig. 5 Ratio of cint/cp as function of temperature at different pressures,
with Debye–Huckel cutoff criterion.

of temperature for the different pressures, particularly observed in
the values calculated by the Debye–Huckel criterion. The elimina-
tion of one level in the partition function due the quantized nature
of energies is much more important in this criterion as compared
with the other one due to the corresponding lower number of levels
considered in the partition function. Of course, these discontinuities
introduce errors up to 20% in the “puntual” values of the specific
heats, having practically no effect on the global value of the relevant
quantities.

The importance of internal energy in affecting the frozen and total
specific heat of a plasma at high pressure is confirmed by both crite-
ria. Future work on the subject should probably use more established
approaches, such as those described in Refs. 12–14, especially for
the high-pressure case. These approaches, based on quantum statis-
tical mechanics, could also introduce a better cutoff criterion based
on the density, which could also eliminate the discontinuities al-
ready discussed. On the other hand, the extension of these ideas
to other atomic plasmas (N and O) should take into account the
so-called low lying excited states, as well as the electronic levels
above the first ionization limit of atoms, that is, the autoionization
levels.15
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IV. Conclusions
The results presented unambiguously show that electronic ex-

citation plays a nonmarginal role in affecting the thermodynamic
properties of high-temperature atomic hydrogen plasmas. In partic-
ular, they confirm and extend the compensation effects found in the
past on the specific heats of nitrogen and helium plasmas, indicating,
however, that this kind of compensation fails for pressure higher than
105 Pa. The present results, together with the corresponding results
on transport coefficients,5,6 provide new perspectives in the study of
high-temperature–high-pressure LTE plasmas. Future exploration
in this direction should make use of more refined cutoff criteria,
valid for all pressure and temperature ranges. Corresponding results
can quantitatively change the present observations without chang-
ing the qualitative nature of the present results of electronically
excited states for LTE plasmas. Higher differences can be expected
for non-LTE plasmas with overpopulation.
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